Introduction {#Sec1}
============

T cells are the set of lymphocytes characterised by the expression of a specialised receptor, called the T cell receptor (TCR). T cells can thus, be classified in "families" (or clonotypes) according to the molecular structure of the TCR they display on their membrane (Murphy et al. [@CR26]). On average a T cell expresses $\documentclass[12pt]{minimal}
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                \begin{document}$$3 \times 10^4$$\end{document}$ identical copies of a given TCR molecule. The number of T cells in the adaptive immune system of an adult human tends to a stationary "homeostatic" distribution (McLean et al. [@CR24]; Freitas and Rocha [@CR11]), specified by its size (the total number of T cells) and TCR diversity (the number of different clonotypes or TCR molecular structures). The size and diversity of the naive T cell pool (those T cells that have not taken part in a previous immune response) is essential to recognise a broad range of pathogens (Freitas and Rocha [@CR10], [@CR11]; Tanchot and Rocha [@CR35]). An adult mouse has a homeostatic population of $\documentclass[12pt]{minimal}
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                \begin{document}$$10^8$$\end{document}$ naive T cells (Mason [@CR23]) and a TCR diversity estimated around $\documentclass[12pt]{minimal}
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                \begin{document}$$2 \times 10^6$$\end{document}$ (Zarnitsyna et al. [@CR38]), and a healthy adult human has a homeostatic population of $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{11}$$\end{document}$ naive T cells (Hazenberg et al. [@CR16]) distributed in $\documentclass[12pt]{minimal}
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                \begin{document}$$2.5 \times 10^7$$\end{document}$ different TCR specificities (Zarnitsyna et al. [@CR38]; Johnson et al. [@CR18]).

Naive T cells originate from T cell precursors (or thymocytes) that survive positive and negative selection in the thymus (Stritesky et al. [@CR32]; Moran and Hogquist [@CR25]; Bird [@CR4]). Thus, naive T cells have not been activated by exposure to pathogen-derived peptide fragments or antigens. During their lifetime, naive T cells constantly circulate in the blood to visit lymph nodes, which we refer to as the "periphery" (Takada and Jameson [@CR34]). The population of naive T cells, which have never taken part in an immune response, is maintained by continuous, yet slow, division in the periphery (or homeostatic proliferation) (Tanchot and Rocha [@CR35]; Troy and Shen [@CR36]; Takada and Jameson [@CR34]). Antigen presenting cells provide the stimulatory signals that induce naive T cell division. The signals are delivered via the interaction between TCRs (on the surface of T cells) and the ligands (also referred to as self-peptides or self-antigens) expressed on the surface of antigen presenting cells. Although the number of naive T cells is approximately constant for much of an individual's life, as one ages both the size and the TCR diversity of the naive pool decline (Goronzy et al. [@CR15]). This loss of T cell receptor diversity is also observed for B cells (Gibson et al. [@CR12]), and is associated with increased susceptibility to infection and poor health. In the long-term, during the ageing process, it is important to study both the probability of extinction and the mean time to extinction for different T cell clonotypes. This clearly requires a stochastic framework. Some of the homeostatic mechanisms which ensure that a maximum of "antigen space coverage" is achieved with the available numerical diversity of T cell clonotypes (Correia-Neves et al. [@CR5]; Mahajan et al. [@CR22]), have been analysed mathematically before by means of deterministic (De Boer and Perelson [@CR6]) and stochastic (Stirk et al. [@CR31]) models. Yet, the question of how the naive T cell population remains diverse is still not completely understood (De Boer et al. [@CR7]).

During the homeostatic period the organisation of the peripheral naive T cell pool requires that an existing T cell must die if a new T cell is generated in the thymus or by peripheral cell division (Tanchot and Rocha [@CR35]). It is then reasonable to pose a second challenge: to quantify the probability that a given TCR specificity, namely, a single recent thymic emigrant (RTE), can be established in the periphery, while competing with the pre-existing population of naive T cells. Recent thymic emigrants are those naive T cells that have just migrated out of the thymus, after surviving positive and negative selection, to become part of the peripheral T cell population (Fink [@CR8]). Given that double positive thymocytes hardly divide in the thymic cortex and that single positive thymocytes divide at most once in the medulla of the thymus (Sinclair et al. [@CR29]; Stritesky et al. [@CR33]; Sawicka et al. [@CR27]; Yates [@CR37]), one expects a given TCR specificity to be introduced in the periphery by a single recent thymic emigrant. There is evidence to support the fact that RTEs do not have an intrinsic lifespan (Tanchot and Rocha [@CR35]). Given the requirement of naive T cells for continuous TCR ligation to survive in the periphery, it is natural to hypothesise that the TCR cross-reactivity of a given RTE (how many self-peptides can provide a homeostatic stimulus to the TCR under consideration) (Sewell [@CR28]), the number of different clonotypes (competitor clonotypes) that can bind those self-peptides, and the clonal size of each competitor, are key parameters that will determine the fate and potential in the periphery of a recent thymic emigrant.

The aim of this paper is to make use of a previously introduced mathematical model of naive T cell homeostasis (Stirk et al. [@CR31], [@CR30]), and define new stochastic descriptors that allow us to provide answers to the previous questions. In Refs. Stirk et al. ([@CR31], ([@CR30]), a continuous time birth and death Markov model that describes the time evolution of a peripheral naive T cell clonotype was introduced. In this reference, it was shown that extinction takes place with certainty for all parameter values of the model, and the average time to extinction was computed. However, the question of how the affinity and the cross-reactivity of a given T cell clonotype (or RTE) determines (1) its ability to become part of the peripheral naive T cell repertoire, (2) its maximum size if the clone is to get established in the naive peripheral pool, and (3) the timescale to get established in the periphery at its maximum size, was not considered. We study these questions by defining novel stochastic descriptors for a given TCR clonotype or RTE.

The paper is organised as follows: in Sect. [2](#Sec2){ref-type="sec"} we introduce the stochastic birth and death process and define a number of stochastic descriptors (continuous and discrete) to characterise the maximum clonal size (Sect. [2.1](#Sec3){ref-type="sec"}) and the time to reach that size, the number of divisions to reach the maximum clonal size (Sect. [2.2](#Sec6){ref-type="sec"}), and the time to get to a given number of divisions (Sect. [2.3](#Sec7){ref-type="sec"}). Section [3](#Sec8){ref-type="sec"} provides numerical results for the previously introduced descriptors, exploring the three parameter regimes described in Sect. [2](#Sec2){ref-type="sec"}. We conclude with a discussion of our results both from a mathematical and immunological perspective in Sect. [4](#Sec9){ref-type="sec"}.

Mathematical model {#Sec2}
==================

We make use of the mathematical model introduced in Stirk et al. ([@CR31]) to describe the time evolution of the number of cells in a given T cell clonotype, that is, the number of naive T cells that express identical T cell receptor molecules. The main assumption of the model is that T cells of a given clonotype compete for signals delivered by molecules (self-peptides also referred to as pMHC) expressed on antigen presenting cells (APCs). These signals induce one round of cell division, that is, a birth event. All cells of the given clonotype can also die and this is a death event in the model.Fig. 1Birth and death process (with absorption) for the time evolution of the number of cells in a given naive T cell clonotype

The underlying mathematical model is a birth and death process $\documentclass[12pt]{minimal}
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                \begin{document}$$\{X(t):t\ge 0\}$$\end{document}$ on the state space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{X}=\mathbb {N}\cup \{0\}$$\end{document}$, where the random variable *X*(*t*) describes the number of cells of a given T cell clonotype as a function of time *t*. Its birth and death rates (Fig. [1](#Fig1){ref-type="fig"}) are specified for $\documentclass[12pt]{minimal}
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                \begin{document}$$i \in \mathbb {N}\cup \{0\}$$\end{document}$ by Stirk et al. ([@CR31]):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda _i= & {} \varphi \; e^ {-\nu } \; \sum _{r=0}^{\infty } \; \frac{\nu ^r}{r!} \; \frac{i}{r\langle n\rangle +i}, \nonumber \\ \mu _i= & {} \mu \; i. \end{aligned}$$\end{document}$$Parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle n \rangle \ge 1$$\end{document}$ were introduced in  Stirk et al. ([@CR31]), and they have the following meaning:$\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ is the per (naive) cell death rate for cells of the clonotype under consideration,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$ is the per (naive) cell rate of homeostatic proliferation due to signals from the self-peptides that can bind to the TCR of the clonotype under consideration,$\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$ is the number of other clonotypes (different from the one under consideration) that can compete for the same homeostatic proliferation signals, and$\documentclass[12pt]{minimal}
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                \begin{document}$$\langle n \rangle $$\end{document}$ is the characteristic size of T cell clonotypes that compete for homeostatic proliferation signals with the clonotype of interest. We note that these competing clonotypes are not explicitly modelled and by assuming that they all have a characteristic number of naive T cells given by $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle n \rangle $$\end{document}$, the time evolution of the clonotype of interest can be reduced to a univariate Markov process (details about this approximation can be found in  Stirk et al. ([@CR31])).It was shown in  Stirk et al. ([@CR31]) that, for any value of the parameters, $\documentclass[12pt]{minimal}
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                \begin{document}$$0 \in \mathcal{X}$$\end{document}$ is an absorbing state of the stochastic process, the time to extinction (or absorption) from any other state $\documentclass[12pt]{minimal}
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                \begin{document}$$i \in \mathcal{X}$$\end{document}$ is finite with probability one, and its mean is also finite.
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                \begin{document}$$\varphi $$\end{document}$ is a measure both of the affinity and the cross-reactivity of the T cell receptor for self-pMHC molecules (Sewell [@CR28]), in the sense that the rate of homeostatic proliferation depends not only on how well a TCR can bind a given pMHC complex, but how many different pMHC complexes can provide survival signals to the T cell clonotype under consideration, characterised by its TCR molecule. Parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$ is the number of competitors of the clonotype under consideration (Stirk et al. ([@CR31])). Three regimes can be identified in parameter space that describe different immunological scenarios: the first one is the limit of no inter-clonal competition ($\documentclass[12pt]{minimal}
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                \begin{document}$$\nu \ll 1$$\end{document}$), the second is the limit of large inter-clonal competition ($\documentclass[12pt]{minimal}
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                \begin{document}$$\nu \gg 1$$\end{document}$), and the third one is the intermediate regime of competition ($\documentclass[12pt]{minimal}
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                \begin{document}$$\nu \approx 1$$\end{document}$).

*Hard niche clonotype* In the special case $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu \ll 1$$\end{document}$, the population under study (the number of T cells that belong to a given TCR clonotype) does not compete with any other clonotypes, and thus the previous expressions for the birth and death rates simplify to (Stirk et al. ([@CR31]))$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda _i= & {} \varphi , \\ \mu _i= & {} \mu \; i. \end{aligned}$$\end{document}$$ *Soft niche clonotype* The opposite limit, $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu \gg 1$$\end{document}$, represents a highly competitive environment, where the population of T cells under study competes with a large number of different clonotypes, and thus the expressions for the birth and death rates become (Stirk et al. ([@CR31]))$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda _i= & {} \frac{\varphi \; i}{ \nu \; \langle n \rangle +i}, \\ \mu _i= & {} \mu \; i. \end{aligned}$$\end{document}$$ *Intermediate niche clonotype* In the case $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu \approx 1$$\end{document}$, the TCR clonotype will be referred to as an intermediate niche clonotype, and its birth and death rates will be given by Eq. ([1](#Equ1){ref-type=""}).

These three regimes, hard, soft and intermediate niche clonotypes, will be explored in Sect. [3](#Sec8){ref-type="sec"}. Under these regimes, we introduce in this Section several stochastic descriptors which will allow us to study the dynamics of the clonotype under consideration. In particular, in Sect. [2.1](#Sec3){ref-type="sec"} our interest is in the maximum clonal size reached by the clonotype and the time to reach this maximum size, for which we obtain analytical expressions for its probability mass function and its different order moments, respectively. We analyse the number of proliferation events to reach the maximum clonal size in Sect. [2.2](#Sec6){ref-type="sec"}, and in Sect. [2.3](#Sec7){ref-type="sec"} we focus on the time to reach a given number of proliferation (or division) events, as a measure of the proliferative capacity (or potential) of the clonotype under study. Finally, the rate of contraction of the clonotype during its way to extinction can be studied by means of the time to contraction to a given clonal size, which is also analysed in Sect. [2.1](#Sec3){ref-type="sec"}.

Maximum clonal size and time to reach it {#Sec3}
----------------------------------------

Our interest in this section is in the maximum number of cells belonging to the clonotype under consideration and the time needed to reach this maximum. To begin with, we define the random variables$$\documentclass[12pt]{minimal}
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                \begin{document}$$i\in \mathcal{X}$$\end{document}$, which amount to the maximum clonal size attained by the clonotype, under the assumption that the initial size equals *i*, and the time to reach this maximum clonal size, respectively; note that $\documentclass[12pt]{minimal}
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                \begin{document}$$T_0^{max}=0$$\end{document}$, since 0 is an absorbing state in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{X}$$\end{document}$. In order to study both variables in parallel, we define the time to reach a total clonal size $\documentclass[12pt]{minimal}
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                \begin{document}$$i_{\varrho }$$\end{document}$, given that the initial clonal size equals *i*, as the auxiliary random variable$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T_{i,i_{\varrho }}= & {} \inf \{t: X(t)=i_{\varrho } | X(0)=i\}, \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
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                \begin{document}$$i,i_{\varrho }\in \mathcal{X}$$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{i_{\varrho },i_{\varrho }}=0$$\end{document}$. We point out here that these auxiliary random variables have their own immunological interest, since attaining a given clonal size $\documentclass[12pt]{minimal}
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                \begin{document}$$i_{\varrho }$$\end{document}$ might indicate that the clonotype has become large enough to mount an immune response in a timely fashion, or it has grown too large and might lead to autoimmunity, so that a tolerant immune state has been lost. The analysis of $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{i,i_{\varrho }}$$\end{document}$ also allows the study of the random variables of interest $\documentclass[12pt]{minimal}
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                \begin{document}$$T_i^{max}$$\end{document}$.
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                \begin{document}$$i_{\varrho }$$\end{document}$ is certain in the former case, since absorption at state 0 occurs with probability one (Stirk et al. [@CR31]).

### Time to contraction to a given clonal size $\documentclass[12pt]{minimal}
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                \begin{document}$$i_{\varrho }<i$$\end{document}$, given the initial clonal size *i* {#Sec4}
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Number of proliferation events to reach the maximum clonal size {#Sec6}
---------------------------------------------------------------
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Time to reach a given number of proliferation events {#Sec7}
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Numerical results {#Sec8}
=================

In this Section we carry out a set of numerical experiments in order to analyse the potential of a recent thymic emigrant (of a given clonotype) in the periphery to expand to different clonal sizes, or to proliferate for a given number of divisions, as well as the random times of these events, and the rate of contraction of the clonotype under consideration. We study these random variables under several competition and signalling environments, which are specified by the choice of parameters $\documentclass[12pt]{minimal}
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We consider throughout this Section homeostatic signalling rates that have been selected for a wide range of parameter values, in view of some preliminary numerical experiments. In particular, our results regarding the hard, the intermediate and the soft niche cases amount to values of the signalling rate $\documentclass[12pt]{minimal}
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We note here that there exist several scenarios where a certain expected behaviour can be identified. For example, in the particular case $\documentclass[12pt]{minimal}
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Discussion {#Sec9}
==========

In this paper we have analysed the fate of a given naive T cell clonotype or a recent thymic emigrant (with initial clonal size $\documentclass[12pt]{minimal}
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                \begin{document}$$i=1$$\end{document}$), when competing with pre-established peripheral T cell clonotypes for homeostatic proliferation signals. The dynamics of a given clonotype has been based on a mathematical stochastic model originally developed in Stirk et al. ([@CR31]). Here, our objective is to study the fate and potential of naive T cell clonotypes in the periphery by analysing, for a given clonotype, its maximum clonal size, the time to reach this maximum, the number of proliferation events required to reach this maximum, the rate of contraction of the clonotype during its way to extinction, as well as the time to a given number of proliferation events.

We have introduced in Sect. [2](#Sec2){ref-type="sec"} several stochastic descriptors in terms of defective and non-defective random variables. The use of Laplace-Stieltjes transforms, probability generating functions, auxiliary random variables and absorbing augmented Markov processes, together with first-step analysis, allow us to obtain, in some cases, the distribution of the random variables of interest, or to exactly compute or approximate the different order moments of these variables.Table 4Probabilitiy $\documentclass[12pt]{minimal}
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Other interesting results that have been derived from our study of the stochastic descriptors defined here are:There seems to exist some threshold value for the parameter $\documentclass[12pt]{minimal}
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